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NOMENCLATURE

¢ specific heat

D dimensionless parameter, 2nRh/crVp,,

I friction coefficient, 21,,/p,0°

g acceleration of gravity

h heat transfer coefficient per unit of length
p dimensionless pressure

Ap pressure difference, p(6, t)— p(0, 7)

n dimensionless total pressure, 2p*/p,, V2
p¥ total pressure

q heat flux, cf. Fig. 1

R radius of the circular loop, cf. Fig. 1

Re Reynolds number, p,v2r/u

r radius of the toroid, cf. Fig. 1

T temperature

T, constant wall temperature for the upper loop, cf.
Fig. 1

t time

vV characteristic velocity, (gBRrq/2ncp)'’?

v velocity of the fluid

w dimensionless velocity, v/V.

Greek symbols

B thermal expansion coefficient

r dimensionless parameter, 16xuR/p >V

g space coordinate, cf. Fig. 1

u absolute viscosity

Pu reference density evaluated at the wall
temperature, T,

¢ dimensionless temperature, (T — T,)/q

T dimensionless time, Vt/2rR

T shear stress, fp,,v2/2.

w

+ Present address: Passive Research and Development
Group, Lawrence Berkeley Laboratory, University of
California, Berkeley, CA 94720, U.S.A.

Subscripts
avg average over the loop
d dynamic
s static
ss steady state.
INTRODUCTION

A sTupY has been made of the steady-state and transient
pressure variation in a closed toroidal natural convection loop
(cf. Fig. 1). The loop is heated over the lower half and cooled
over the upper half. The resulting density variation causes the
fluid to flow. Previous studies of toroidal loops have presented
the temperature distributions, flow rates and stability
characteristics [1-9]. A number of related studies have also
been carried out {10-16]. The present work differs from
previous studies in that the pressure distribution is now
presented. Limiting analytical expressions have also been
derived for the steady-state pressure distributions. To aid in
the understanding of the results, the temperature distributions
have also been presented along with the limiting expressions

{31
ANALYSIS

The toroidal loop is heated with a constant flux, ¢, over the
lower half, = < 6 < 27, and cooled by maintaining a-constant
wall temperature, T, over the upper half,0 < 8 < n. The flow
is assumed to be laminar and in the counter-clockwise
direction. The dimensionless forms of the momentum and
energy equations are [1-3]:

1 dw 2gR

0+ pcoso - D 1
0 T nde wresitgpecostorw ()

(2a)
(2b)

a¢+ ¢ (—2D¢, O0<O<n,
B a0 | 2D, m<8<2m
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Constant wall
temperatvre, T,

Cooling Cooling
water - water
n , 27 out

Uniform
heat flux,q

FiG. 1. The circular, toroidal natural circulation loop.

The temperature distributions have been obtained
previously [3]. Using these results, the pressure may now be
obtained by integrating equation (1):

Apd(05 T) = pd(9~ T) ‘pd(o’ ‘C)

() L —bycosode, (3)
R VT 2D ), avg) €0 ’

where
Pa=P—Ps (42)
and
p = p¥ _ PavgdR sin(?= _ 2gRsinf Pave (4b)
Top V2 P V32 V: o op,

Steady-state pressure distributions may be obtained from
equation (3) by setting dw/dz = 0 and using the steady-state
profiles of [3]:

D
- o= Do/mwes (n sin 0 — — cos 9) +D/wg
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The location of the extrema are obtained by differentiating
equation (5) and setting the result to zero. For the upper loop
we obtain

Ldpg0) = [e ™™ cosd
r d0  2w,| 1—e D

W,

ss

. —%qﬁavgucosf):& 0<6<n (8a)

and for the lower loop

~Diwss _ |
1dps,® _ 1 [OM(%*)}OS 0
1 —e D/wss

r deo 2w,
WSS
T —% Pavg €080 =0, 7n<0<2n (8b)

For small and large values of D the above equations may be
simplified.

For completeness, limiting expressions are presented for the
steady-state temperature distributions. For small values of D
one obtains (cf. equation (10) of ref. [3])

0
1-D—, 0<6<m, (9a)
¢(0) = 0
lH—D—, n<0<2n (9b)
n
For large values of D, the relations are:
(10a)

[0, 0*<o<n,

¢ss(0J=l J(Z)D@_]), n<0<2n-.  (10b)

Note that for large values of D, the temperature is not
continuous at 6 = 0, 2x.

o a T
N ss -2 o ino, 0<f<um s
2ie (e P14 (Djaw, )] 7 Ve Ty p Peensin ” (sa)
Apy (0) = .
Osin 6 61 . 02e‘D/w“_1 r 2} ) nl"¢ - o< (sb)
2w, - T owe ) | TV DT - = sin 6, <0<,
Weo sin ¢+ cos +msin | —g~Diwss . Wss 5 p Pavees T vid
where

1 + D [1 + g~ Diwes (50)
2 2w \2 T 1 e ) ©
Note that the continuity of pressure at § = 0,2z and 6 = n*,
n~ was used.t

Limiting expressions for the pressure may be obtained. For
large values of D, w,, & 1/y/2 and @, = /(2)D/4 [3], which
then yields

¢3Vgss =

RESULTS AND DISCUSSION

The steady-state temperature distribution, ¢(6), will be
referred to below and is therefore presented in Fig. 2 which is
obtained from ref. [3]. The constant heat input yields a linear
increase in the temperature over n < 8 < 2=n. In the cooling
section the heat loss is proportional to the difference in the

1 /0 =
——|—+—-sin8), 6<O<m, 6
Ape.O) _[ 72 <n a ) €
r i _ )
—— [ (@—57/4) sin B+cos O+{ 1 ——}| n<O<K2n (6b)
\/2 T
For small values of D, w,, = 1 and ¢, = 1 [3], and
1[(” ) 0 0+1]  o0<o< 7
—~||=—8])sin 8—cos -—, 0g0<m,
Apa®) | 21\2 n 2
r i T\ . 2
~|{0=3—-]sinf+cosb—-1|—|——2), n<O<2n (7b)
2 2 n

1 The pressure, p,_(6), is continuous at = O and at § = .
For the 0 = = case, the equality of the pressure [cf. equations
(5a) and (5b)] is readily obtained when equation (11) of ref. [3]
is used.

temperature between the fluid and the wall which yields an

exponential decrease in the temperature as a function of 6.
For small and large values of D, equation (11) of ref. [3]

yieldsw,, ~ 1and 1/,/2, respectively. From the definitions of w



628 Technical Notes

[rlﬁl‘t]!rrr—rw—rrlyu|ll|—

2

F1G. 2. Steady-state temperature distribution.

and V it then follows that v, ~ q'/2 for both cases. An energy

balance over the heating section under steady-state conditions
yields

per
4= <4>”ss[71s(0)— T, (m)]. (11)

2nR
Using the limiting result v, ~ q'/? and equation (11) yields, for
either small or large D:

T.0)~ T (m) ~ '3, (12a)

or

PO — () ~ g~ V2, (12b)

For small D (large heat flux, g) the temperature difference
between the exit (§ = 0) and the inlet (0 = n) to the heating
section is large. Note that the corresponding dimensionless
values are small (cf. Fig. 2). However, for large D (small g) the
temperature difference is now small while the dimensionless
temperature difference is large.

An energy balance over the cooling section for steady-state
conditions yields

g=" f"[nsm)—m a6, (133)
T Jjo

or

] n
1 =— J ¢ (0)d0 = ¢, (cooling section). (13b)
T Jo

The dimensional form of equation (13) is

A

avge ™ w = (14)
For small D (large g and/or small h) the average temperature of
the cooling section is much greater than the wall temperature,
T,, while for increasing values of D these two temperatures
approach one another.

The average temperature of the heating sectionis attained at
the location 8 = 3n/2. The average temperature of the loop is
the mean of the average temperatures of the heating and
cooling sections. Therefore the fluid reaches the value of the
average loop temperature in both the heating and cooling
sections. The system parameter D determines these locations.
For small values of D, the locations are close to the centers of
the heating and cooling sections; that is, close to 6 = 3n/2and
# = n/2, respectively. For increasing values of D, they move

away from the centers; in the heating section towards the
heating inlet and in the cooling section towards the cooling
inlet (cf. Fig. 2). The regions where the values of the average
loop temperature are attained are given by 5n/4 < 0 < 3n/2
and 0 < 0 < =/2.

For the (dimensionless) pressure, we see that a pressure, p;,
has been subtracted from the total pressure, p, [equation (4a)].
The pressure, p,, is the hydrostatic pressure only when the
temperature in the loop is everywhere equal to the average
temperature of the loop, 7,,,. Therefore, the pressure p, is a
reasonable approximation to the dynamic pressure. From
equation (3) we see that under steady-state conditions (dw/dz
= 0) the change in the dynamic pressure is balanced by
buoyancy (relative to the average density) and friction. The
datum for the pressure has been taken to be the valueat = 0.
Friction always opposes the flow, contributing to a negative
pressure gradient, while buoyancy acts to assist the flow at
some locations and oppose the flow in others. Hence the
pressure gradient is positive when buoyancy assists the flow
strongly enough to overcome the friction.

The steady-state and the transient dynamic pressure are
given in Figs. 3(a) and (b), respectively. In Fig. 3(a), for small D,
the hot fluid emerging from the heated section enters the
cooling section at § = 0 with a lower than average density
(buoyant) and overcomes the friction force; as a result the
pressureisincreasing. However, as the fluid moves through the
cooling section, it becomes cooler (less buoyant) and the
pressure levels off. The frictional force then becomes more
important and the pressure starts to decrease. After the fluid
passes & = n/2 (where it reached the average loop temperature
for the case as D — () its greater than average density
contributes to driving the flow and begins to overwhelm the
friction. Thus the pressure increases again (at 8 ~ 3n/4). After
entering the heating section (8 = =), the fluid becomes less
dense and buoyancy is less effective in driving the flow.
Therefore the pressure levels off and then decreases. After
0 = 3r/2, the lighter fluid once again drives the flow and the
pressure increases at 0 & Tn/4.1

For large D, the fluid cools very rapidly in the cooling region
and becomes denser than average. Thus the pressure rapidly
decreases as both gravity and friction oppose the flow. After
0 = n/2 the dense fluid assists the flow in the loop and the

t Note that for small D, the region 7/2 < 0 < 37/2 is anti-
buoyant, and the regions 0 < 8 < n/2 and 37/2 < 6 < 2m are
buoyant. A detailed discussion of the buoyant and anti-
buoyant regions is given in ref. [7].
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Fic. 3(b). Transient pressure distribution.
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pressure increases. After entering the heating section the fluid
becomes less dense and the behavior in this region is similar to
that given for small D.

For the transient study, calculations were begun at time
T =0, for a specified velocity, w;, in the counter-clockwise
direction and a temperature, ¢;. The finite-difference method
of ref. [3] was used. The temperature and the velocity were
solved simultaneously from the integrated form of equation (1)
around the loop and from equation (2). The resulting values
were then substituted into equation (3) to obtain the pressure.
Typical results are given in Fig. 3(b).

For small time, the hot fluid leaving the heating section has
only moved a small distance in the cooling section. Therefore,
it is only within a small ‘penetration depth’ near 0 = 0* that
heating assists the flow in the cooling section. Beyond this
region ¢ = const. = ¢; = 0 in the cooling section and the
pressure decreases until 6 = /2. Beyond # ~ 7/2 the flow is
aided by gravity. In the heating section the cold fluid has only
penetrated to a region near @ = = and in this region the flow
is aided. Qutside this region, ¢ = const. and the flow is
opposed up to  x 3x/2 and aided over 3n/2 < 0 < 2n.

While the variation of the dynamic pressureis of interest, the
ratio of the maximum dynamic pressure to the maximum
hydrostatic pressure is of greater significance, namely

l—' VZ 2 R 1/2
ST oo PRAENT 4y i0megi
pwgR pagric
(15

For the experimental system of refs. [1, 2], R=038 m, r =
0.015m, and g varies from 1000 to 4000 W m ~ % for stable runs
[6]. Water properties are evaluated at T = 27°C. Thus, the
static pressure is up to four orders of magnitude greater than
the dynamic pressure. Therefore, the total pressure is
essentially hydrostatic.
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NOMENCLATURE

cross-sectional area of cylinder [m?]

Gill’s free constant, dimensionless
dimensionless width of thermal boundary layer,
t/m

B O

* Present address : GA Technologies, P.O. Box 81608, San
Diego, CA 92138, US.A.

width of thermal boundary layer, d'L [m]
gravitational acceleration [m s~ 2]

height of rectangular enclosure [m]

fluid thermal conductivity [W m ™! K™ 1]
dimensionless axial temperature gradient in
cylinder core region

length of cylinder, or width of rectangular 2-D
enclosure [m]

m constant, dimensionless, equation (2)

XS0
o4
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